Phase transition on the edge of the z^ = § PfafRan and anti-PfafRan quantum Hall state 
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Starting from the edge reconstructed PfafEan state and the anti-Pfafhan state for the filling 
fraction v = ^ fractional quantum Hall (FQH) state with the filled Landau levels included, we 
find that interactions between counterpropagating edge modes can induce phase transitions on the 
edge. In the new 'Majorana-gapped' phases, a pair of counter propagating neutral Majorana modes 
becomes gapped. The quasiparticle tunneling exponent changes from g — 1/4 to g = 1/2 for the 
edge reconstructed PfafEan state, and changes from g — 1/2 to g = 0.55 — 0.75 for the anti-PfafSan 
state, in the new Majorana-gapped phases. The new phases are candidate states for the observed 
t" = I state. Furthermore, Majorana-gapped phases provide examples that non-trivial quantum 
phase transitions can happen on the edge of a FQH state without any change in bulk topological 
order. 



I. INTRODUCTION 

With the prospect of non-abelian anyons and the po- 
tential application of topologically protected qubitsii^i^ 
there has been a renewed interest in exotic fractional 
quantum Hall (FQH) states, especially the experimen- 
tally easiest accessible state at filling fraction i/ — |.— i^ 
In 1991, two different non-Abelian FQH states were pro- 
posed both at filling fraction i' = 5 (or i' = f)"^!^ This 
raised an very interesting possibility that the observed 
J/ = I state may be a non-Abelian state. One of the 
proposed states, the Moore-Read PfafRan wavefunction,^ 
has received a lot of attention recently, both in experi- 
ment and in theory. 

However, it is currently still unclear what the true na- 
ture of the v = ^ bulk state is; many candidate states, 
or trial wavefunctions, exist, some of which predict 
non-abelian statistics, others predict less exotic abelian 
statistics/^'i'^'^iiiS'ii We briefly review these candidates. 

Experimentally the bulk state can be probed through 
transport measurements on the edge, for instance 
through tunneling between FQH edges induced by a 
quantum point contact (QPC).i2,i3,i4,i5,i6 rpj^^ different 

candidate states make specific predictions for the charge 
e* and exponent g of the tunneling quasiparticles, and 
these can in principal be measured in experiment. In the 
regime of weak tunneling at sharp edges, chiral Luttinger 
liquid (xLL) theory^'*^ describes the form of e.g. the differ- 
ential tunneling conductance and the tunneling current 
noise as a function of temperature and applied bias, with 
e* and g as continuously-varying fitting parameters. 

Very recently two experimental groups reported re- 
sults on tunneling across a QPC in the j/ = | state; 
Ref. 
Ref. 



17 focusses on scaling of the differential conductance, 
18l measures shot-noise. The results are most consis- 
tent with a quasiparticle charge e* = 1/4 and exponent 
g = 1/2. 

In this paper we introduce two other candidates for 
the V = ^ FQH edge. First, starting from the existing 
so-called 'anti-Pfafhan' bulk state,i2.!Ai we consider inter- 
actions between the counterpropagating edge modes. As 
we change the interaction strength, we find that there is 



a transition to a new phase on the edge, with different 
values for e* and g. Note that this is really a phase tran- 
sition on the edge, since the bulk state does not change. 
By appropriately tuning the edge interactions one should 
be able to observe this quantum phase transition through 
e.g. a change in e* and g. 

We call this new phase the 'Majorana-gapped' phase, 
as the anti-PfafRan Majorana mode becomes gapped. 
The Majorana-gapped phase has 2 and 1/2 right-moving 
edge branches and 1 left-moving edge branches, while 
the standard edge phase for the anti-PfafRan state has 
3 right-moving edge branches and 1 and 1/2 left-moving 
edge branches. During the transition from the standard 
edge phase to the Majorana-gapped phase, half a left- 
moving edge branch (a Majorana fermion mode) pairs 
up with half a right-moving edge branch and this opens 
up an energy gap. 

Second, we start with the edge reconstructed^^ PfafRan 
bulk state, which has 2 and 1/2 branches of right movers 
and 1 branch of left movers. Such an edge can also un- 
dergo a phase transition into a Majorana-gapped phase 
which has 2 branches of right movers and 1/2 branch of 
left movers. The values of e* and g can be changed by 
the phase transition.^ 

The above result is for the clean edge. In the pres- 
ence of impurities, the picture is different. In that case, 
as we change the interaction strength between different 
edge branches beyond a threshold, a right-moving Majo- 
rana fermion mode pairs up with a left-moving Majorana 
fermion mode and they become localized. If we assume 
that the localized modes do not contribute to tunnel- 
ing between the edges, then we can treat those localized 
modes as if they are gapped. Under this assumption, the 
clean edge and dirty edge behave similarly. 

We like to stress that in order to have the gapping 



^ Here, with a change of e* we mean that another quasiparticle 
with a different charge becomes the most dominant quasiparticle 
which is observed in experiments. The phase transition does not 
change the fixed charge e* of a given quasiparticle; it can change 
the exponent g for all quasiparticles. 



or the localization phase transition, it is necessary to 
include the supposedly completely filled lowest Landau 
level in the framework, or to include the additional edge 
branches from the edge reconstruction. The new phases 
require that the different edge modes have substantial 
interactions with each other. 

Numerical simulations for small-size closed 
systemSf^i^i which by construction ignore edge ef- 
fects, suggested that the Moore-Read Pfaffian trial 
wavefunction is the most likely candidate for the actual 
i^ = I FQH bulk state. To compare with actual exper- 
iments, which obviously have an edge, it is necessary, 
as our examples in this paper shows, to include the 
edge-aspect as well. This is emphasized as well in a 
very recent numerical study, Ref. |22| . which considers 
a disc-geometry with an edge, and a varying confining 
potential; for a sharp edge the Pfaffian is found to be 
favored, but for a smooth edge the groundstate is a 
different state which bears the marks of some form of 
edge reconstruction. 

The 'Majorana-gapping' transition is a quantum phase 
transition on the edge only which does not affect the bulk 
state. Such a kind of edge-only quantum phase transi- 
tion has been studied in Ref. [23. Here we find a new 
type of edge-only quantum phase transition where we lose 
(gain) a fractional branch of right- movers (right-movers) 
through the transition. 

Our paper is organized as follows. We review the dif- 
ferent candidates for the v — ^ state in Sec. [TTl Sec- 
tion mil is the core of our paper. Here we show that 
for the anti-Pfafhan state there exists an operator which 
for certain density-density interactions becomes relevant 
and can drive a phase transition. In the new phase a pair 
of counterpropagating Majorana modes becomes gapped. 
For the new phase we determine the quasiparticle spec- 
trum and which of these quasiparticles is the most rele- 
vant. In Sec. lIVI we apply the same formalism to the edge 
reconstructed PfafRan state. We discuss and summarize 
our results in Sec. IVl 



II. LIST OF CANDIDATE STATES FOR v^\ 
{v=\) FQH STATE. 

The Majorana-gapped phase at the edge of the anti- 
Pfafhan state is just one of many possible edge states at 
filling fraction v = \- Therefore, in this section, we will 
review some known edge states for filling fraction v — ^. 
Or, to be more precise, for filling fraction v = ^ modulo 
completely filled Landau levels. 

It is well known that, at a given filling fraction, FQH 
states may have many different internal structures - 
topological orders j^'^'^i^^'^^i^'^'^^i^^'^" So it is not clear 
which topological order describes a particular experimen- 
tally observed v — ^ {v — ^) FQH state. However, the 
following five topological orders are simple and are more 
likely to describe the observed v ^ ^ {v = ^) FQH states. 
The five topological orders are: 



TABLE I: Seven different candidates states for the v = ^ 
FQH system with number of edge branches, expected quasi- 
particle charge e* and exponent g for dominant tunneling 
quasiparticles, and exponent g^ for electron operator. Here, 
we have included the 2 right-moving branches from the un- 
derlying v = 2 IQH state. The subscripts L and R indicate 
the left-moving and right-moving edge branches. Exponent 
g generally seems to be increasing with total number of edge 
branches. The listed electron operator exponents g^ ignore 
the z/ = 2 IQH electrons. The two Majorana-gapped phases 
have a dominant e* = 1/2 quasiparticle in addition to a quar- 
ter charge quasiparticle. 



state 


# of branches 


e* 


9 


Se 


K = i 


Ir + 2r 


1/4 


0.125 


00 


Pfaffian 


lR + 2fl 


1/4 


0.25 


3 


331 


2r + In 


1/4 


0.375 


3 


f/(l) X 5(7(2)2 


lR + 2fl 


1/4 


0.5 


3 


anti-Pfaffian 


iB + lr +2fl 


1/4 


0.5 


3 


Maj orana-gapped 
edge-rec. Pfaffian 


2i, + i^+2fl 


1/4 
1/2 


0.5 
0.5 


3 


Maj orana-gapped 
anti-PfafSan 


l« + l^ 


1/4 
1/2 


0.55-0.75 
0.5-0.7 


1.8-2.0 



(A) The electrons first pair into charge 2e bosons and the 
charge 2e bosons then condense into the Laughlin state 
described by the following wave function: 



n(^.-z,)v^^.i--i^ 



The effective theory of this state has a form^ i^^'^° 



(1) 



with X a 1 X 1 matrix iC = 8. 

(B) The charge 2e/3 quasiparticles on top of the v = 1/3 
Laughlin state condense into a second level hierarchical 
FQH statej^i^i^^ The effective theory of such a state 



is given by ([Ij with K 
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9 A ) ^^ ^^^^ ^ ^ ( 1 n ' ' ^^'^ ^ state has the 



same topological order as the 331 double layer state.^ 
(C) The FQH state proposed in ReL [6| and described by 
the Pfaffian wave function 



vl/pf({zj) = A{- 



1 



1 



Z\ - Z2Z-i- Z4 



Kj 



^„_^^.)2g-iEJ-.l^ 



(2) 
where A is the antisymmetrization operator. 

(D) The anti-Pfaffian state, which is the particle-hole 
conjugate of the Pfaffian state.— i^i 

(E) The FQH state proposed in Refs.l7ll33land described 
by the wave function 



^{{z,})^[X2{{z.})rY[{z.-z,)e-i^^ 



l-d^ 



(3) 



i<j 



where X2i{zi}) is the fermion wave function of two filled 
Landau levels. In the Appendix we provide a more de- 
tailed description of the edge theory of this state. 

Other topological orders at v — ^ have more com- 
plicated internal structures and are unlikely to appear. 
For convenience, we will use K = 8, 331, Pfafhan, anti- 
Pfaffian, and U{1) x SU2{'2) to denote the above five topo- 
logical orders respectively. 

The K = 8 and the 331 states are abelian FQH states, 
whose quasiparticles all have abelian statistics. The bulk 
low energy effective theories for the two FQH state are 
given by t/(l) Chern-Simons (CS) theory, Eq. dJ). The 
edge excitations of the K = 8 state are described by 
a single density mode (or more precisely, a U{1)r Kac- 
Moody (KM) algebra, where the subscript R indicates 
that the excitations are right moving). The number of 
low energy edge excitations for the K = 8 state is the 
same as one filled Landau level, as measured by the low 
temperature specific heat. Thus we say that the K = 
8 state has one branch of edge excitations. The edge 
excitations of the 331 state are described by two density 
modes (which form a U{l)u x C/(1)_r KM algebra). Using 
the similar definition in terms of specific heat, the 331 
state has two branches of edge excitations. 

The PfafRan, anti-Pfaffian, and f/(l) x SU2{2) states 
are non-abelian states. Some of their quasiparticles have 
non-abelian statistics. The edge excitations of the Pfaf- 
fian state are described by a density mode (the U{l)u 
KM algebra) and a free chiral Majorana fermion (the 
Isingp^ conformal field theory), or in other word, by a 
U{1)r X Isingji conformal field theory (CFT). Such an 
edge state has one and a half branches of right-moving 
edge excitations as measured by specific heat. The edge 
excitations of the anti-Pfafhan state are described by 
C/(l)7jxC/(l)iX Isingj^ CFT. The edge excitations for the 
anti-Pfafhan state have one and a half branches of left- 
moving edge excitations and one branch of right-moving 
edge excitations. For the U{1) x 5't/2(2) state, the bulk 
effective theory is a U{1) x SU2{2) CS theory and the 
edge excitations are described by t/(l)_R x SU2{2)fi KM 
algebra. The edge state has two and a half branches of 
right-moving excitations. 

The theory of edge excitations for both abelian and 
non-abelian FQH states were well develop edi^SiliiiiiSi'i^i 
In TableUwe list the relevant results. Here e* is the quasi- 
particles charge and g is the exponent in the correspond- 
ing quasiparticle Green's function: (V'qpV'qp) ~ l/t^- In 
terms of scaling dimensions A the exponent g is twice 
the scaling dimension of the quasiparticle operator. 

The results we find in this paper for the Majorana- 
gapped edge phases of the anti-Pfaffian and edge- 
reconstructed Pfaffian states are also included in the 
table. Note that the anti-Pfafhan edge state and its 
Majorana-gapped edge state are two edge phases of the 
same anti-Pfaffian bulk FQH state (and similarly for the 
Pfaffian edge states). For the Majorana-gapped anti- 
Pfaffian phase we find that the exponent of the quasipar- 
ticle Green's function is non-universal; the exact value 



of g depends on the interaction. Nevertheless there are 
two dominant quasiparticles, one with e* = 1/4 and the 
exponent g in the range g € [0.55 — 0.75], and one with 
e* = 1/2 andge [0.5-0.7]. 



III. MAJORANA-GAPPED PHASE OF THE 
ANTI-PFAFFIAN 

This section hold the main results of our paper. We 
show in detail how to calculate scaling dimensions of 
quasiparticle operators for the anti-Pfaffian state in the 
presence of density-density interactions. We identify a 
charge-transfer operator that can be relevant. This oper- 
ator is a product of a left-moving Majorana fermion and 
a right-moving complex fermion. Condensation of this 
operator gaps the left-moving Majorana mode and half 
of the right-moving fermionic mode. 

In the new phase, dubbed 'Majorana-gapped' phase, 
several quasiparticle operators have become gapped as 
well, and we determine the spectrum of ungapped quasi- 
particles. Next, we find the quasiparticle with the lowest 
scaling dimension which is expected to dominate tunnel- 
ing. Finally, we consider the effect of impurities. 



A. Non-universality for non-chiral edges 

Fractional quantum Hall states which are described by 
fully chiral edge theories are called 'universal', because 
correlation function exponents are independent of the the 
exact microscopic details of e.g. the interaction between 
different edge branches. 

This situation is no longer the case for FQH state de- 
scribed by an edge theory with branches moving in op- 
posite directions, i.e., a non-chiral edge. In this case the 
scaling dimensions of operators depend on the exact form 
of the interaction between the different edge branches, 
and a more detailed analysis is required to predict the 
fate of e.g. tunneling exponents. 

In some cases (i.e., for some regions in the space of 
all possible interactions) the result is that the tunnel- 
ing exponents are indeed non-universal, in other cases 
the properties of the system are dominated by a certain 
fixed point for which the tunneling exponents do acquire 
universal values. In this sense one can construct a phase 
diagram in 'interaction-space'. 

Such an analysis typically focusses on two types of 
interactions: density-density-interactions, which deter- 
mine the scaling dimensions of all quasiparticle opera- 
tors, and charge-transfer operators. Charge-transfer op- 
erators move charge between the different edge branches, 
and as such it is also the mechanism through which differ- 
ent edge branches equilibrate. Charge-transfer operators 
violate no symmetry and are allowed to appear in the ac- 
tion. If a charge-transfer operator has a relevant scaling 
dimension, the condensation of this operator can lead to 
a different phase. 



The effect of a charge-transfer operator can be more 
drastic than to merely adjust values for tunneling expo- 
nents. For example in the 1^ = 1 state, it was shownsSS. 
that condensation of a charge-transfer operator leads to 
a transition on the edge where a pair of counterpropa- 
gating (previously gapless) edge modes becomes gapped; 
in the resulting i^ = f phase the single electron operator 
by itself is no longer gapless. 



iC-matrix, action, electron operators, 
quasi-particles 



TABLE 11: Allowed quasiparticles in the ^^ = | anti-PfafSan 
are labelled by four integers rrij and a Majorana sector 
(1a, a, or ax). The corresponding vertex operators are 
gi(mi0i+m202+m303) foj. the three right-moving branches and 
the left-moving branch 04 is explicitly listed in the table. The 
quasiparticle charge q is also given. 



A-scctor 


4>i 


<? 


1a 


gl 7714 04 


rm + m2 + m3 — ^ 


A 


g»"l4 04 


mi +1712+7713— ^ 


CTA 


gi(m4-^)04 


1 1 1 1 rriA 

4 + mi + m2 + mz f- 



The edge theory of the anti-Pfafhan is described by one 
(charge-neutral) Majorana branch A, and four (charge- 
carrying) bosonic branches 4>i. In our setup three of the 
bosonic branches are right-moving; the Majorana branch 
and the fourth bosonic branch are left-moving. We adopt 
a basis where the left-moving branch appears first, i.e., 
(04, 4>i, 4>2, (t>3)', in this basis the iiT-matrix of the bosonic 
modes is given by 



/^ = Diag(-2, 1,1,1) 
The action for this system is 



(4) 



and fermionic statistics. For the anti-Pfaffian state we 
are considering here, the physical electron operators are 
ei = e"''\ 62 = e"''^, eg = e''*'^ , 64 = Ae-2*'^^ and any 
combination of these e^ with total charge e. 

The remainder of the quasiparticle spectrum is formed 
by those quasiparticle operators that are local with re- 
spect to all these electron operators, i.e., the phase in- 
duced by moving a quasiparticle around any electron op- 
erators should be a multiple of 2tt. The allowed quasi- 
particles can straightforwardly be found from these rules 
and are listed for convenience in Table HIl 



S= — 

An 



— / dxdr [iK^jdx4>idT(j)j + Vijdx(l)idx(j)j 

+X{vxd, - dr)X] . (5) 



The generic quasiparticle operator has a form of a 
bosonic vertex operator e*'"^ times a Majorana opera- 
tor. Majorana (CFT primary field) operators are the 
identity operator 1a, the Majorana fermion operator A 
and the spin operator <t\. The charge and the bosonic 
contribution to the (mutual) statistics of such a quasi- 
particle operator can be determined from the inverse of 
the iiT-niatrix: 



C. Calculating scaling dimension of quasiparticle 
operators, boost parameters 

For the matrices K and V in the action, Eq. (O, there 
exist a (non-orthogonal) basis cp such that K is a pseudo- 
identity and V is diagonal. In such a basis, the scaling 
dimension A of a quasiparticle operator e''"^ would be 
given by A = ^r. In general, with K given and fixed, the 
scaling dimension of quasiparticle operators thus depends 
on the precise form of the 4-by-4 matrix V in the basis 



nl-K-'^-L 



t-K-^-l, 



'Jjk 



TTlj-K- 



■h, (6) 



where is the statistical phase, q is the charge, t — 
(1,1,...,1) is the so-called charge vector and unit of 
charge is e — — |e|. The Majorana branch is charge- 
neutral and commutes with the bosonic branches. Its 
contribution to mutual statistics is^ 



1 



7AA 



±1, 



1 



± 



1 

2' 



(7) 



where we fix the sign to be -f 1 for right- moving branches 
and —1 for left-moving ones. 

The quasiparticle spectrum is obtained by first iden- 
tifying physical electron operators, which have charge e 



A parametrization of the most generic density-density 
interaction V requires ten real parameters. With a suit- 
able choice of parameters the scaling dimension depends 
on only three of these parameters. This goes as follows. 

Let Ml be the matrix that brings K into pseudo- 
identity form, 



K = M^KMi == -1^- ® 1 



N+1 



(8) 



where N is the number of positive/negative eigenvalues 
of K, in our case N~ = 1, 7V+ — 3. Next we diagonalize 
V with a matrix M2 £ SO{N-, N+), 

V = M^M^VMiM2 = Diag(v4, f^i, V2, V3). (9) 



For purposes of finding the quasiparticle spectrum we do not 
need to consider mutual statistics of two a operators. 



Note that M2 leaves K invariant. Furthermore, M2 can 
be decomposed in a pure boost B and a pure rotation 
R e SO{N-) X SO{N+), M2 = BR. 



In our case we use^ 



Ml 



/ 





Vo 



1 
1 

V6 



\/3 VS \/3 





]_ 

1 

V6 



(10) 



and B € 5*0(1, 3) is the familiar pure boost from the 
Lorentz-group, 



B 



hi 



Pii 
^ + 1 

7+1 ^ 
fafe7^ 

7+1 
fafe7" 

7+1 



/327 
/3lfe7^ 
7+1 

^tI , 

7+1 "• 

fefe7^ 

7+1 



/337 

/3i/337^ 
7+1 

7+1 ^ 



\ 



1 



(11) 



with 7 = l/-\/l — (/3^ + /3| + /3|). An exphcit specifica- 
tion of R is not required at this point. 

What is important from this decomposition is that the 
scahng dimension of operator e 
by A = if- A • Z" where 



il-tf) 



Jl-(t> 



IS now given 



A = MiB^M'[ 



(12) 



In our case, V is parametrized by four (eigenvalues Vj) 
plus three (rotation R e 50(3)) plus three (boost pa- 
rameters (3j) equalling a total of ten parameters. But 
the scaling dimension depends only on the three boost 
parameters /3j: one parameter for each pair of counter- 
propagating edge modes. The scaling dimension in the 
bosonic sector of any quasiparticle operator thus becomes 
a function of a vector f3 — (/3i, /?2, /Sa) inside the unit 3D- 
ball /32 < 1 (cf. \v\ < c). 

There is also a contribution to the scaling dimension 
from the Majorana sector. 



A> 



1 

2' 



A„ 



1 
16' 



(13) 



which simply needs to be added to the bosonic scaling 
dimension of a quasiparticle operator to obtain the total 
scaling dimension. Here we note that the density-density 
interactions between the Majorana sector and the boson 
sectors are always irrelevant and we ignore those interac- 
tions in our calculations of scaling dimensions. We will 
consider other interactions between the Majorana sector 
and the boson sectors below. 



D. Majorana mode becomes gapped through 'null' 
charge-transfer operator 

Now that we know how to calculate scaling dimensions, 
we can probe /?-space for charge-transfer operators with 



The extra rotation incorporated in our Mi is added for later 



low scaling dimension. Charge-transfer operators are to- 
tal charge zero operators, which typically move electrons 
between the different branches. Since they violate no 
symmetry or conservation, charge-transfer operators are 
in principle allowed to appear in the action, Eq. ([5]), and 
if relevant (in RG sense) can cause a transition to another 
phase. 

In /9-parameter-space surfaces of constant scaling di- 
mension typically are of ellipsoidal shape, for example 



1+62—63 



2/3? 
1-/32 



A 



+61—64 



(/32 



^ + ^^ 



3(1-/32) 



(14) 

where -l-e, — Cj stands for the combination of an e^ cre- 
ation and an Cj destruction operator, which transfers 
charge e between branches i and j. 

Regions inside parameter space where charge-transfer 
operators are relevant (A < 2) are thus ellipsoids inside 
the unit ball /3^ < 1. 

One charge transfer operator we are particularly inter- 
ested in is Ae*(2'/'4-</'i+'/'2+'/'3) = ^^ that is, the operator 
which simultaneously destroys ei and 64 and creates 62 
and 63. Its scaling dimension is 



-61-64+62+63 



= 1 



(Vi-/?3)" 

l-/?2 



(15) 



convenience. 



There is a whole disc in /3-space for which the scaling 
dimension of n is identically 1 , namely when /S^ = \/2/3 
{withf3f+Pi < 1/3). 

On this disc the bosonic part of the operator n has 
the scaling dimensions and statistics of a charge-neutral 
right-moving complex fermion, which we write as a com- 
bination of two Majorana fermions 77 and C, such that 
n = X{t] + iQ. Note that n resembles the 'neutral null 
vector' from the v = ^ FQH case, as in it is a zero-charge 
operator with equal left and right conformal dimensions, 
h = h. 

We are now approaching the step where the Majorana 
mode acquires a gap. Clearly this is a key ingredient 
in our procedure. But the argument of gapping itself 
is almost trivial: consider a system with two counter- 
propagating fermions "01 and '02, with dispersion relation 
Ei/2{k) = ±vk, which has gapless excitations at zero en- 
ergy; adding a couphng ^^ r'ipl{x)'ip2ix) + H.c. changes 
the dispersion to E± (k) — y/T^ + Jvk)^ and opens up a 
gap at zero energy. 

Let us assume the interaction V is such that the oper- 
ator n is relevant, and include n and its Hermitian conju- 
gate in the action Eq. ([5]) with a constant coupling F, i.e., 
we are not considering disorder at this point. Then the 
effect of this term,.. r{n + n^) — 2TXr], is that the coun- 
terpropagating Majorana modes A and 77 become gapped 
whereas C is left untouched. In other words the left- 
moving Majorana mode and a right-moving bosonic mode 
disappear and a right-moving Majorana mode emerges. 
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FIG. 1: Different representations of the gapless branches in the anti-Pfafiian and Majorana-gapped phases, (a) In the basis 
(j) the anti-PfafBan has three right-moving bosonic branches (solid lines) and two left-moving modes, one bosonic and one 
Majorana mode (dotted line), (b) After a basistransformation to basis (p the right-moving charge- neutral mode (j>3 can be 
expressed as two right-moving Majorana modes i] and (. (c) In the Majorana-gapped phase, the modes A and ri acquire a gap 
and are dropped, (d) An additional basistransformation explicitly separates the charge mode, (j>p (double solid line), from the 
neutral modes {(j>a,L/R)- 
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FIG. 2: Shown is the cross-section, at /32 = 0, of the param- 
eter space unit ball |/3p < 1. The scaling dimension of the 
'null' operator n, the charge-transfer operator which induces 
the transition to the Majorana-gapped phase, is identically 
one at the disc Ps = \/2/3 ~ 0.82 (indicated by thick black 
line) . This null operator n is relevant in a substantial volume 
of 13 parameter space; the grey area indicates the ellipsoidal 
volume where n had scaling dimension A < 3/2, i.e., the 
region where n is relevant even in the presence of disorder. 



Figure [2] shows the volume of parameter space in 
which ri is a relevant operator. A schematic representa- 
tion of the branches and different bases before and after 
Majorana-gapping is given in Fig. [TJ 

Before we continue to determine the quasiparticle spec- 
trum in the Majorana-gapped system we would like to 
note that the operator n is not unique; due to the permu- 
tation symmetry between branches 0i, 02 and (/)3 there 
is a total of three such operators h. 



E. Quasiparticle spectrum in gapped system 

With the gapping of the A Majorana fermion, some of 
the quasiparticle operators in the original spectrum. Ta- 
ble |TT1 have likely developed a gap as well and have disap- 



peared from the low-energy spectrum. For the Majorana- 
gapped phase we would like to find out (i) which quasi- 
particles have survived the gapping and (ii) which of 
these survivors have the lowest scaling dimension and 
are thus expected to dominate e.g. tunneling processes. 

To obtain the quasiparticle spectrum we follow the 
same procedure as for any other xLL FQH edge system: 
we identify the physical electron operators and determine 
those quasiparticles which are single- valued with respect 
to the electron operators. The non-standard part is how 
to remove the degree of freedom associated with the now- 
gapped A Majorana fermion and insert the now-emerged 
C Majorana fermion. 

Setting /?3 = ^^2/3, the following steps will find 
the quasiparticle spectrum for arbitrary /3i and /32 
{01 -I- /3| < 1/3). To illustrate the procedure we will use 
the example where (3i = — f32, for which the interme- 
diate basis-dependent values are relatively simple. 

We transform the basis from cj) to (j) such that K is the 
pseudo-identity, V is diagonal, and n — Ae'^"^^^ which 
is achieved by Mi and B, Eqs. pU]) and pTj) . and R = 
Diag(l, 1, —1, —1). As far as the electron operators go, 64 
contains a A operator and hence becomes gapped, so we 
drop 64 from the spectrum. The three remaining physical 
electron operators have the following form in the basis 4>, 



ei 



A+^4'^+^s^ 



3) 



^ e^(-7i^^+71'^i-;75'^^+^3) 



62 = e 

i{ 7- 

63 = 6 ^ v^ 



-A-^^^-^^^-^^^+i'^)_ 



(16) 
(17) 
(18) 



For the operator 6+'*^^ = ry- 



-i( we expect that gapping 
will get rid of the 77-part and effectively leave a Majorana 



operator C times some overall phase: e 



i(t>3. 



(. Note 



that this includes all three electron operators for which 
we thus make the identification 



61 c 


^^e*(+^'^^+^^^), 


(19) 


62 : 


-Ce*^"^"^''+^'^'^^'^'\ 


(20) 


63 : 


:,(e'(-^^^-75^i-7f*^). 


(21) 



TABLE III: Quasiparticle spectrum in the Majorana-gapped 
phase. Quasiparticles are identified by three integers nii, 7712, 
m,3 and a ("-Majorana sector. The corresponding vertex op- 
erator are easiest expressed in the ungapped basis 0, where 
the (f)i, (f)2 and cj)3 contributions are still e*("'i'^i+™2'*2+'"3'#>3) 
The three mj and the Majorana sector fix the coeflicient of 
(j}4,, as shown in the table. The quasiparticle charge q is listed, 
as well as a correction to the scaling dimension, Acor, as ex- 
plained in the text. 





^-sector 


</>4 


q 


Acor 


ic 


gi(-mi+m2+m3)(^4 


|mi -1- 2"l2 + j'^S 





C 


^i(-mi+m2+m3 -1)4,4 


^ -1- |mi + im2 + ^ms 





o-C 


gi(-mi+m2+m3- A)<^4 


\ + fmi + im2 + ims 
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Next, we look for quasiparticles which are single- valued 
with respect to these three electron operators, with the 
generic form e'('*"^*+'i'^i+'^'^^) times a C-sector Majorana 
operator 1^, (, or (T(^. 

Solving for allowed I4, li and I2 now is a computation- 
ally trivial task of solving a set of three linear equations 
given by the mutual statistics equations, Eqs. ([6]) and ([7]). 
The resulting expressions for the Ij will involve various 
square roots, which tend to become more ugly for generic 
values for /?i and /?2. However, the mutual statistics 
equations are basis-invariant, and hence can be solved 
in any basis. As it turns out, these equations become 
really simple in the original (f) basis. 



Making the identifications ( ~ e^*"^^ and ct^ 



P + J503 

we can transform back to the original basis 0. In this 
basis, the generic quasiparticle operator has the form 
^ziU<P4+h^i+h'p2+h'i>3) _ Single- valuedness with the three 
electron operators forces h, I2, and Z3 to be integers rrij] 
I4 is determined by the constraint 



— t4 — tl + t2 + '3 — 



for l(j-sector, 

1 for ^-sector, 
for (Ti^-sector, 



(22) 



which will assure the appropriate coefficient of 03 for each 
Majorana sector in the (p basis. 

So the result is that the quasiparticle spectrum in the 
Majorana-gapped phase can be labelled by three integers 
mi, ?7i2 and 7713, and a Majorana ^-sector, as shown in 
Table [nil Note that these expressions are independent of 
/3i and /32- The charge is given hy q = h + I2 + I3 — ■^h- 

Even the scaling dimension can be calculated in the 
(j) basis for all /3i and P2, however, in the ct^ sector the 
calculation iZ| would assign a scaling dimension of i to 
the CT-operator; we know this should be jq for a Majorana 
a operator, and so scaling dimension calculations need to 
be corrected for this. This stems from the identification 
ai^ ~ g+*2<^3^ which gives the correct statistics and is 
valid for the purpose of enumerating the quasiparticle 
spectrum, but may not be true as operator equality. 



F. Dominant quasiparticles in gapped system, 
charge separation 

Having determined the quasiparticle spectrum, we now 
look for the most dominant quasiparticles. 

As far as (non-)universality goes, the gapping of the 
pair of Majorana modes has removed one pair of coun- 
tcrpropagating bosonic modes from the system, and with 
it one boost-parameter. Two counterpropagating pairs 
remain with corresponding boost parameters f3i and ^2- 

And so in principle we now have to repeat our pro- 
cedure of looking for dominant charge-transfer operators 
on the disc 01+0^ < 1/3- However, so far we have con- 
sidered the most general density- density interaction V . 
We expect the interaction to show traces of the underly- 
ing Coulomb interaction; especially, we expect that there 
will be a single charge mode which will separate itself 
from the other (neutral) modes. 

Here we will consider the limit where the charged mode 
is completely separated from the neutral modes. This de- 
couples one of the right-moving bosonic modes from the 
left-moving one and eliminates one boost parameter. The 
condition for charge-separation is [32 = (v^/Ss — \/3)/4 = 
— 1/(4\/3). The one remaining boost parameter is /3i, 



■PI 



PI 



with |/3i I < \/5/4 = yT- H2 - H3 ■ 

So we continue our analysis of scaling dimensions of 
operators on the line /3i . A plot of scaling dimensions for 
several quasiparticle operators is given in Fig [3l Upon 
closer inspection though, there is some regularity in the 
spectrum. For instance, charge-transfer operators can 
have a minimal scaling dimension of one, which is ob- 
tained for Pi — 0,±^,±^,±i,±^, . . . which appears 
to form an on-going series, and in between such points 
the same 'spectrum' of scaling dimensions is repeated. 

So it seems we only need to consider the interval 
< /?i < 1/4. At /3i = the most dominant quasi- 
particle operator is a charge q — 1/4 cr^-sector operator, 
with scaling dimension A = 0.275. Upon increasing /3i 
the scaling dimension increases monotonically to a value 
of A = 0.375 at /3i = 1/4. At /?i = 1/4 the quasiparticle 
operator with the lowest scaling dimension is a charge 
q = 1/2 1^-sector operator with A = 0.25. Its scaling 
dimension increases monotonically in the opposite direc- 
tion, reaching a maximum at /3i = of A = 0.35. 

It is tempting to suggest that the charge-transfer op- 
erator with the smallest scaling dimension will dominate 
and fix the system to be either at the /3i = or at the 
/3i = 1/4 point. However, since both charge-transfer 
operators have scaling dimension between 1 and 3/2 on 
the interval, they are both relevant, and it depends on 
the strength of the coefficient if one dominates over the 
other. Similarly, in our analysis we cannot single out 
a most dominant quasiparticle, it is simply too close to 
call. In that sense we find the Majorana-gapped charge- 
separated phase to be non-universal: there are two dom- 
inant quasiparticles, with charges of 1/4 and 1/2 and 
scaling dimensions ranging between 0.25 and 0.375. 
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0.3 0.4 



FIG. 3: The scaling dimension of several important quasi- 
particles in the Majorana-gapped phase as function of boost 
parameter /3i . Plotted are charge-transfer operators with scal- 
ing dimension A < 3/2 (dashed blue lines), electron operator 
with lowest scaling dimension (solid green line), and two oper- 
ators with lowest scaling dimension of all operators: a charge 
q = 1/4 quasiparticle (dashed-dotted red line) and a charge 
q = 1/2 quasiparticle (solid blue line). Notice that there is 
a pattern which repeats itself for /3i > 0.25, turning into a 
series with shrinking width as f3i approaches its maximum 
allowed value /3i = •\/5/4 « 0.56. Note that there are many 
quasiparticle operators with scaling dimensions smaller than 
1.5 that we did not include on this graph. 



G. Only strong interaction leads to 
Majorana-gapped phase 

Having identified the Majorana-gapped phase, we can 
ask what kind of interaction will lead to such a phase. In 
the Majorana-gapped charge-separated phase the inter- 
action is characterized by 5 remaining parameters: if we 
pick (p2 as the charged mode these are the three V eigen- 
values V4, vi and V3, an angle a for rotations between 
branches 0i and 03 , and the boost parameters f3i . 

A crucial ingredient for the Majorana-gapped phase 
is to include the two filled (lowest) Landau level modes. 
If these two modes are spatially well-separated on the 
edge from the inner two modes one would expect the 
interactions to be small between these blocks of edge 
branches. We find that the interaction required for the 
Majorana-gapped phase is such that this kind of sep- 
aration of two modes is not possible: all right-moving 
branches have to interact with the left-moving branch 
with similar strength. 



H. Disorder: localization instead of gapping 

The assumption we made so far was that the charge- 
transfer coupling strength T was uniform along the edge. 
A more realistic assumption would be to consider T = 
r(a;) to be fluctuating with position due to random dis- 
order. Also, with disorder we do not need to worry about 



momentum mismatch between different edge modes. 

With disorder present, we expect instead of the gap- 
ping of the pair of left and right moving Majorana modes, 
A and rj, that they will become localized. Here we will 
assume that the localized modes do not contribute to the 
tunneling between edges. In particular, they do not af- 
fect the value of exponent g. So as long as the calculation 
of g is concerned, we treat the localized modes as if the 
are gapped. Thus the above calculation of g also applies 
to the disordered edge with localization. 



IV. MAJORANA-GAPPED PHASE OF THE 
EDGE-RECONSTRUCTED PFAFFIAN STATE 



We now apply the same mechanism of Majorana gap- 
ping on a different state: the edge-reconstructed Pfaf- 
fian state. By itself the PfaffiartS. state is fully chiral 
and gapping of pairs of counterpropagating modes can- 
not occur. However, the edge might be unstable to- 
wards edge reconstruction.^^ Edge reconstruction effec- 
tively adds pairs of counterpropagating charged bosonic 
modes to the edge. Here we will analyze the state in 
which edge reconstruction has introduced one such pair 
of edge modes to the Pfaffian state. 

In the edge-reconstructed Pfaffian there are three 
bosonic modes (f>i, (f)2 and 03, and one neutral Majorana 
mode A. The left-moving branch is 0i , the other branches 
are right-moving. The iiT-matrix is i^ = Diag(— 1, 1, 2). 
Electron operators are ei — e*"^\ 62 = e*'^^ and 63 = 

The 'null' operator Xe^'-^'^^^'^^^'^'^^') is a charge-transfer 
operator with equal left and right conformal dimensions 
h = h = i. Introducing boost parameters f3 = (/3i,/?2)j 
similar to Eq. pT|) . we can parametrize scaling dimen- 
sions of quasiparticle operators. The scaling dimension 
of Ae^(2'*i+'^2-(-203) becomes one at the point /3i = -1/2, 
/32 = -l/\/2. 

We perform a basistransformation from (f) to 0; in this 
basis K = Diag(-I,l,I), Ae*(20i-H02-h203) = ^e*, and 
the (f>2 branch carries all the charge. If the null operator 
is relevant it will gap the right-moving Majorana mode 
A and half of the left-moving bosonic mode (f>i leaving a 
left-moving Majorana mode ^. 

In the Majorana-gapped phase, the gapless physi- 
cal electron operators are ei = (e'^^^'^^' and 62 — 
gi(V202+03). gg acquires a gap. The quasiparticle spec- 
trum can be labelled by two integers mi and 1712 and a 
C Majorana sector, as follows, with charge and scaling 
dimension included: 



1^-sector 



■i^<l>2 + {rn2~mi)4>3 



g=^. 



A=^ + 



{m2—mi) 
2 



(23) 



C-sector 



A i^02 + (m2-mi)03 



9=^ 



(m2 



2 ' 



2 ' 



(24) 



M+i, 



(Tf-sector : a^e -y^ 

A = 



'2 + (m2— mi- 



mi + i 

9 = ^r^' 



(mi + ^)^ (m2-mi-^)^ 



(25) 



Note that here the Majorana-gapping effectively re- 
moves all pairs of counterpropagating bosonic modes that 
existed before. Hence the scaling dimensions of all opera- 
tors becomes fixed. In other words, there is no remaining 
boost parameter degree of freedom. 

In the Majorana-gapped edge-reconstructed there are 
three operators with smallest scaling dimension IS. — j: 
one charge q = 1/2 operator (mi = TO2 = 1 in 1^-sector), 
and two charge q = 1/4 operators {mi = 0, m2 = 0, 1 
in the cr^-sector). The electron operator with smallest 
scaling dimensions has A = |. 



C. Effects of spin conservation 

So far we have ignored the effect of spin conser- 
vation. In the presence of magnetic field, the z- 
component of spin Sz is still conserved. By examine 
the spin quantum number of the charge transfer oper- 
ator \e^C^'t"i-'l>i+'t>^+'t>i) in the anti-Pfaffian state, we find 
that it carries Sz — ^- Therefore, the Sz conservation 
prevents Ae**^^'^*~'^i+'^2+'^^^ from appearing in the edge 
Hamiltonian. In this case the Majorana-gapped phase 
for the anti-Pfaffian state cannot appear. Thus to have 
the Majorana-gapped phase for the anti-Pfaffian state 
we either need to break the Sz conservation, or to con- 
sider the V = 9/2 anti-Pfaffian state where there exists a 
charge transfer operator which carries Sz = Q- 

The charge transfer operator for the edge reconstructed 
Pfaffian state has Sz — Q- Thus the Sz conservation 
will not prevent the appearance of the Majorana-gapped 
phase. The Majorana-gapped phase is more likely to ap- 
pear for edge reconstructed Pfaffian state. 



V. DISCUSSION 

A. Tunneling through bulk in new^ edge phase 

To detect the phase transition to the Majorana-gapped 
phase on the edge of the anti-Pfaffian state one would 
have to observe a change in quasiparticle tunneling ex- 
ponent g. This presents a dilemma: even though g itself 
is an intrinsic property of the edge, a measurement of 
g requires the quasiparticle to tunnel through the bulk. 
But in the bulk the phase transition does not occur, so 
is it even possible for the quasiparticle to tunnel? We 
assume that edge quasiparticles in the Majorana-gapped 
phase can indeed tunnel through the bulk and we do not 
run into obvious inconsistencies (of e.g. having a quasi- 
particle charge on the edge which does not exist in the 
bulk). Whether or not this assumption is fully justified 
is not yet understood. 



B. Charge transfer in the bulk 

We like to stress that that operator Ae'(2'^*""^i+'^2+'^3) 
not only appears in the edge effective Hamiltonian, the 
corresponding operator also appears in the 2D bulk ef- 
fective Hamiltonian for the 2D anti-Pfaffian state. Such 
a bulk operator transfers charges between different con- 
densates (note that the anti-Pfaffian state is formed by 
several condensates: the spin-down electrons in the first 
Landau level, the spin-up electrons in the first Landau 
level, the spin-up electrons in the second Landau level, 
etc). With such an operator present in the bulk Hamil- 
tonian, one naturally expects that the 2D anti-Pfaffian 
state has 1^ -I- (5/2)^; branches of the edge excitations. 
The (3/2)i -t- 3r branches of the edge excitations pro- 
posed in Refs. llOlflll can be viewed as a result of edge 
reconstruction of the 1^ -I- (5/2)i^ edgeJ^ 



D. Determining the true nature of the ^ = \ state 

Glancing at Table[T]we have to conclude that the quest 
to determine the nature of the observed v = ^ FQH state 
is far from over. The first experimental results^^'i* sug- 
gest that likely e* = 1/4 and g — 0.5. If these are con- 
firmed to be the correct values we can scratch a few candi- 
dates off the list; but we would not be able to distinguish 
between the anti-Pfaffian, U{\) x SU2{2) and Majorana- 
gapped edge-reconstructed Pfaffian states. Electron tun- 
neling is expected to be the same for these three states 
as well. 

Additional measurements which would probe the num- 
ber of left- and right-moving edge branches would be re- 
quired to settle this issue. For instance a thermal Hall 
conductance's measurement distinguishes between the 
three states with e* = 1/4 and g — 0.5. 

As far as the presence of non-abelian statistics goes the 
prospect is somewhat brighter, as five out of the seven 
candidate states are non-abelian. Furthermore the non- 
abelian statistics is carried by similar Ising spin fields 
in all these cases, hence experimental setups based on 
interference should give qualitatively similar results. 



E. Summary 

In the paper, we studied the effect of a charge trans- 
fer process described by neutral bosonic operators in 
the V = ^ anti-Pfaffian state and edge reconstructed 
Pfaffian state. On the edge, such operators have a 
form Ae''(2'^4-<^i+'^2+03) qj. ;^gi(2./,i+02+203)^ guch oper- 
ators transfer charges between edge branches and cre- 
ate/annihilate a Majorana fermion A. The operator re- 
spects all the symmetries and is local with respect to all 
the electron operators. Thus such an operator is allowed 
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in the effective edge Hamiltonian. We find that, for a 
certain range of interactions between the edge branches, 
the operators Xe*(^'t'^''^^+'t'^+'l'^'> or Ae^^^'J^i+'/'^+a^s) repre- 
sent relevant perturbations. The effect of such a relevant 
perturbation opens up a gap for a pair of left and right 
moving Majorana fermion modes. 

For the anti-Pfaffian state, before the ID gapping tran- 
sition at the edge, the state has 3/2 branches of left- 
movers and 3 branches of right-movers. After the gap- 
ping transition, the same 2D anti-Pfaffian state has 1 
branch of left-movers and 2 and 1/2 branches of right- 
movers. For the edge reconstructed Pfaffian state, before 
the ID gapping transition at the edge, the state has 1 
branches of left-movers and 2 and 1/2 branches of right- 
movers. After the gapping transition, the same state has 
1/2 branch of left- movers and 2 branches of right- movers. 

The phase transition changes the scaling dimension of 
quasiparticle operators on the edge, which can in princi- 
ple be observed in experiment. For FQH edge states with 
counterpropagating edge modes it was known that inter- 
actions between the edge branches have to be taken into 
account to determine the phase of the edge. It was previ- 
ously shown that under certain conditions a full left- and 
right-moving branch could pair up and open up a gapi^ 
Here, we showed that half a left- and right-moving branch 
can pair and become gapped. This formalism might be 
generalized further. 



mode p{x), plus a Majorana fermion A(a;): 

[Pk,Pk'] = -z-k&k+k'-, 

{^k,^k'} ~ 5k+k' , ^k ^ -^-k 

H = 2TTj2{VP-kPk + Vp-kPk)] + Y^ VxkX^kXk 

(A.l) 



fe>0 



k>0 



There are three electron operators given by 
The e/4 quasiparticle operators are given by 






^q,2 = cr(a;)e~*5'>(^)e*5'«^) 
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APPENDIX: THE [/(I) x SU2{2) EDGE STATE 

The edge excitations of the f/(l) x SU2{2) state is de- 
scribed by a charge density mode p{x), an S^ density 
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